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SLICING AND INTERSECTION THEORY FOR CHAINS MODULO v

ASSOCIATED WITH REAL ANALYTIC VARIETIES

BY

ROBERT M. HARDTÍ1)

ABSTRACT. In a real analytic manifold a k dimensional (real) analytic

chain is a locally finite sum of integral multiples of chains given by integra-

tion over certain k dimensional analytic submanifolds (or strata) of some k

dimensional real analytic variety. In this paper, for any integer v > 2, the

concepts and results of [6] on the continuity of slicing and the intersection

theory for analytic chains are fully generalized to the modulo V congruence

classes of such chains.

1.   Introduction.    For a separable real analytic manifold M, a teal analytic

mapping /: M —* R", and a ze dimensional analytic chain T in M  [4, 4.2.28] with

k >n, it was shown in [6, 4.3] that the slice function (T, f, •) is continuous on

the set of points y  in  R" for which

dim(/~MyS O spt T) < k -n    and    dim (/" l\y I n spt ¿T) < k - n - 1.

Geometrically, for almost all y in  R",  the slice (T, /, y) is the  k - n dimen-

sional analytic chain in M given by oriented integration, counting multiplicities,

along the fiber   f~l\y\ n spt T.

For any integer v > 2, two k dimensional analytic chains  T.   and  T    are

congruent modulo v if there exists a third analytic chain Q such that  T   - T

= vQ.   The resulting congruence classes are called k dimensional analytic chains

modulo v in  M.   With such a congruence class  S we associate the set sptv S =

I lr eS spt T.   Generalizing [6, 4.3], we prove in 4.1 our main result:

Slicing Modulo  v Theorem.   Suppose  S  is a k dimensional analytic chain

modulo  v in  M,   / z's arc analytic map of M  into  W,  k >n,   and
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328 R. M. HARDT

R" n  iy:  dim(f-l\y\ n sptvS)   <k-n and dimif1 \y\n gp^ dS)< k - n - 1\.

Then there exists a continuous mapping from   Y into the  k — n dimensional ana-

lytic chains modulo v in M such that for every y £ Y the value  (S, f, y) ,  which

we call the slice modulo v of S in f~   \y\, satisfies the condition:

If T is a k dimensional analytic chain in M belonging to S with

dim (/"My! nspt T)< k -n and dim (/"My! n spt dT) < k - n - 1,  then (T, f, y)

belongs to (S, f, y)v.

As an elementary example consider the four linear maps gj, g2, g,:  R —» R  ,

/: R2— R defined by gr(y) = (y, 0), g2iy) = (- y, 3Vly), g¿(y) = (-y, - 3>Ay) tot

y € R and fiy, z) = y for (y, z) £ R2, the oriented half-line  H = EJL \y: y > O!

in R,  and the one dimensional analytic chain

T = S,„H +g2ltH +gittH

in R    (see Figure 1).   We compute  dT = - 38.n Q, and

(T, f, b) = 8{h   0)    for b > 0    (see Figure 2).

Hence  (T, f, •) is continuous on  R ~ lO! = R ~ /(spt dT), in accord with [6, 4.3Í;

however,

lim  (T. f, y) = - 2S 4 8{0  0) =    lim (T, /, y).
y—>0- ' y—*x> +

\

• -1
\

<r,/,a> N;-•-
/    ,    (TJ,b)

A    —   1

+1
-->--

-r-
a    0

H-h-

Figure 1 Figure 2
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Nevertheless, letting S be the congruence class modulo 3 of T, we infer that

spt' dS = 0,  that  (S, f, 0)3   is the congruence class of the two congruent chains

- 28.0 Q), 8(0 Q. and that the slice modulo  3, {S, f, •)  , is continuous on all of

R, in accord with the slicing modulo v theorem.

It follows from this theorem and the remarks in 4.4 that all of the results of

[6, 4.3—5.11] carry over to the modulo v case, including the resulting interseclion

theory.

The notation employed in the present paper is consistent with [6]  and [4]

(see the glossaries of [4, pp. 669—671]).   As in [6] we let, for any two maps  /:

A —» B  and g: A —> C,  the mapping / Q g: A —< B x C be defined by (/ Q g)ia) =

ifia), gia)) tot a £ A.

Chains modulo v arose classically in algebraic topology as members of var-

ious chain complexes having coefficient group  1V = Z/jyZ [8, III, 4(c)].   Rectifi-

able and flat chains modulo v (especially v = 2) have been used in geometric

measure theory in the study of multidimensional elliptic variation problems ([9],

[5], [l], [2], [4, 5.3.2I]).   In [7] analytic chains and analytic chains modulo  v are

used to define homology theories with coefficient groups  Z  and  Zv for the cat-

egory of pairs of semianalytic sets and continuous maps between such pairs; ques-

tions concerning the extent of local orientability   of real analytic varieties are

treated there in these terms.

2.   Locally flat chains modulo  v.   The basic reference for flat chains modulo

v in R"  is [4, 4.2.26].   In this section we assume M  is a separable Riemannian

manifold and state appropriate generalizations of some of the results of [6, §3]

and [4, 4.2.26] for chains in M whose supports are not necessarily compact..

Recalling [6, §3] and [4, p. 423] we endow the group J'0C(zM) of k dimen-

sional locally integral flat chains in  M  with the modulo  v topology by associating

with each pair  ÍU, 8) such that

U  is open,     Clos U  is compact,    8 > 0,

a basic neighborhood of 0,  N  (U, 8), consisting of those chains  T £(¡fl°cÍM) for

which there exist Q £ ÍR^M),  R £ iR^M), and S £ \+1(M) with spt (T - R - dS - vQ)

C M -x. U, M(R) + MiS ) < 8.

The statements and proofs of [6, 3, 3.1, 3.2 (1X3)(4)(5), 3.3, 3.4] readily gen-

eralize to the modulo v case. Assuming \U., U , •••! is a cover of M consisting

of open sets with compact closures, we also see that the modulo v topology is

induced by the complete pseudometric dist    defined by

00

dist^Tj, r2). £  l8./2>(l+d.)]

where
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8. = infi¿3: T. -T2£NV(U.,8)\

toi T , T2 £ J" °C(M); moreover, we say that T. and T ate congruent modulo v,

and write T = T mod v, whenever dist (T , T ) = 0. The resulting congruence

classes, which we call k dimensional locally flat chains modulo v in M, are the

cosets of the factor group

T°C'V(M) = A[°c(M)/Al°c(M) n |T: distv(T, 0) = 0};

this group is complete in the induced metric.   The operations on Ar°(M) of re-

striction [6, 3.3], boundary (for k > 1), and /#  (see [6, 3.0(3)]) induce similar

continuous operations on 3^«•"(«).   For T £A[oc(M) we let  (T)v £ îj^. V(M) be

the coset of  T.   We also define the modulo  v supports:

spt^flsptR     for S£AX°C<V(M),
Res

sptVT = sptv{T)v      for  Te ^(M).

From the discussion of [4, p. 430] we infer that two locally rectifiable cur-

rents  T , T    £ Jx/M/W) are congruent modulo v if and only if there exists a third

chain Q £ ÍK.^ÍzVl) such that  T   - T   = vQ; if, moreover,  T    and T    ate ana-

lytic chains in M [6, 4], then Q is also an analytic chain because

spt Q C spt T.  u spt T2,       spt ¿2 C spt czTj u spt dT2.

3.   A constancy lemma and some consequences.

3.1.   Lemma (compare [A, 4.1.31 (2)]).   Suppose  B  is a connected proper k

dimensional class  1  submanifold of M.   If Q, R £ J" ^(M), (sptv Q) ~ B aW

(sptv R) ^ B are closed, and (spt    c3Q) U (spt    dR) CM-vB,  ¿¿erz there exist

integers  i and j in \0, 1, • • • , v - 1\ such that

0*(||ö||,*) = /    mod v    and    ®k(\\R \\, x) = j    mod v    forallx£B,

sptv(jQ - iR) C M ~ B.

Proof.   For any x £ B, there exist neighborhoods   U C Clos U C V of x and

a class  1  map p from  V into  Rfe such that  V O SptV 2 C B,  V O sptV R C B,

p I B n V is a proper class  1  diffeomorphism and C = p(il n B) is an open cube

in Rk.   Observing that p„(Q | V) L C and /^(R | V) L C extend [6, 3.3] to flat

chains  Q' and  R'  in  R^  with

sptv«9ö' C [s?tvdpn(Q I V)] u spt(d[pn(Q \ V) L C] - [<9p„(e I V) L C])

C p[V n spt1^] U Bdry C = Bdry C,

spt^R'c Bdry C,
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we infer from the modulo  v version of the second proposition of [4, 4.2.3] that

Q' = iEk L C    mod v    and     R' =jEk C C    mod v

for some  i and /' in Í0, 1, • • •, v — l}; hence,

0fe(||Q||,x) = z     modi/    and    0fe(||R||, x) = /    mod v    for all x £ 17 O B,

U n sptv(/Q - iR) c p-![C nsptv(/Q' - iR')] = 0

by the modulo  f analogue of the second corollary of [4, 4.1.15].

If follows that the sets

B.   . = [ß ~ spt^/Q- zR)]z. ; r

n lx: ©*(||Q||, x) = i mod f and 8*(||R||, x) ee ; mod i/|

for i and /in  lO, 1, • • •, v — 1 \ form a relatively open disjointed cover of B;

thus  B. . = B fot some i, i.

3.2.   Proposition (compare   [3, 3.17], [6, 3.6]).   Suppose f is a locally Lip-

schizian  map of M  272/0 an open subset  N of R",   T £\K,ociM), and p is a posi-

tive integer such that f \ spt    T  z's proper,   (spt    T) ~ spt    (9T z's locally connected,

and N n {y: card (/"My! O spt" T) < /xi z's z/erzse z'72 N ~ /(sptV c/T).   Le/

Y = [7V-/(spt^T)]n|y: card^-'lyl O sptV) < 00},

G ¿>e the class of all nonempty connected open subsets of N ^ /(spt    dT) and,

for VI £ G,   FiW) be the set of all components of f~1iW) D sptV T;  also let

H = Uír(W): VI £G\,       H* = \VH f~1(Y): V £ H\.

Then the following eight conclusions hold:

(1) For each   V £ T(W) there exists an integer A(V) £ Í0, 1, • • • , v - 1 \ such

that fuiT L V) = MV)En L Wmod v.

(2) If V £ r(W) and MV) / 0,  then fiV) = W.

(3) Card[r(W) n\V: Mv) / 0\] < p.

(4) If VI C W'  belong to G and V' £ F(W'), then A(v') = Sv,_)V/er(H/) A(V)

mod v.

(5) The family H*  is a base for the relative topology of f~  (Y) n sptv T.

(6) If x £ f~   (Y) O spt    T,   /¿en  A(V) ¿as //?e sarrre value, hereafter denoted

A(x), /or all sufficiently small neighborhoods   V of x belonging to H.

(7) If y £ Y,   then

f [T L f-l(W)]

xef     iyinspt  T

A(x) E" Llf    mod v
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for all sufficiently small neighborhoods   W of y belonging to G.

(8)   The ¡unction mapping   y £ Y onto  2   e/_ij   |n     vr A(x)<5    z's mass

bounded by  pv and continuous in the modulo v topology.

Proof.   To prove (1) we observe that

w n sPtv¿7#(7 cv)c f[f - l(w) n sPtvd(T l v)]

C /([/ - \W) n sptudT] u [/ - KW) n sptvT n Bdry V]) = 0,

and apply 3.1 with B = W, Q = E* L W, hence  i = 1, and  R = /#(T L V) to choose

A(V) e{0, 1, -..,!/- lj such that

sptv[/#(T L V) - A(V)E" L W] C R" - W,

/ (T L V) = / (T L K) L W = A(V)E* Lff    mod v.

We verify (2) by noting that if A(V) / 0, then

W CW n spt 7^ LV)C/[/->)n spt "(7 L V)]

C /[/ - \w) n spt^T n Clos V] = fiv).

To prove (3) we choose a point y £ W with card (/"  iy! n spt^ T) < p and

apply (2).

For the proof of (4) we have only to modify the proof of [3, 3.7 (4)] by changing

the first and last equalities to congruences modulo v.

(5) and (6) follow just as in the proofs of [3, 3.17 (5) (6)].

To prove (7) we abbreviate  F = f~   \y\ O spt    T,  choose open sets  W    and

disjoint sets  V    tot x £ F so that y £W    £ G,  x £ V    £ F(W ), and f AT L V )
' X J X X X ' tt X

= A(x)E" L W mod v, and observe that  F is finite,

8 = distiy, I (J   Bdry w\ u  /Yspt'Y -   |J    V Yl

is positive, and any  fffC contained in  U(y, 5) satisfies

/_Hw) n spt^TC  (J   Vx    and
xeF

/ [TLf-\w)] s £ /(TL[V    O/"»])
* xeF    *

=  X   A(x)E" L (IV    n W) = /£   A(*)) E" L W    mod ./.

The mass bound in (8) follows from (6) and (3).   A proof of the modulo  v

continuity results from modifying the wording of the proof of [6, 3-6 (9)] by changing

spt T to spt    T and the second equality in the computation of  dS to a congru-

ence modulo  v.
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4.   Analytic chains modulo v.   Assuming now that M is a separable 222 di-

mensional real analytic Riemannian manifold, we first recall the notion of real

analytic dimension   (which is defined in [6, 2.2]):

If A   is an analytic subset of  M,  then  dim A = sup{- 1, k:  A contains a

nonempty  k dimensional analytic submanifold of  M}.

If E is an arbitrary subset of M, then dim E = infÍ&: E C Uygij ^ n for

some locally-finite open cover U of M and k dimensional analytic subsets A

of U fot  U ell}.

We will call S a  k dimensional analytic chain modulo  v in M  if and only if

(compare  [6, §4]) S e 3rj°c'v(Al), dim (sptv S) < k, dim (sptv dS) < k - 1.   It then

follows that there exists a k dimensional analytic chain  T belonging to S with

spt T = spt   S.

In fact, for every x £ M there exist, by [4, 3.4.8 (11)], an open ball  U about

x and a finite family & of disjoint k dimensional orientable analytic blocks  B

[6, §2] in  U O (sptv S ~ sptv dS) with orienting k vectorfields  ß     such that

the real analytic dimension of Z = U O (spt   S ~ sptv (95 ~ U $) is less than k.

Applying, for each B £ $,  3.1 to Q = (Kfe L ß) A ßß  and any locally flat chain

R belonging to S (hence,  z' = 1,  spt   R = spt   5, and spt    dR = spt    dS), we

choose an integer jß £ \l, 2, • • • , v - 1\ so that

sptv[5 - (/ß[Kfe L B] A /3ßH = sptv[R - ;B(K* L B) A /3ß] C M - ß.

Then

Un sptv   S-\( ¿Z iB0ik LB] A /3ßV

is contained in  Z u spt    (95, has K    measure zero by [6, 2.2 (5) (4)], and is

empty by [4, 4.2.26 (4.2.14)^.   Moreover

(7 n sPtv5 = u ncios U8 = (7 nspt X /B(Wfe l b) a ßß.

To construct T globally we choose open balls Í7 Í7 , ... along with analytic

chains T , T , ••• in M such that \U , U , •••} is a locally finite open cover

of M and

U. n sPtv[5 - (T;)v] = 0,      U. n spt1'5 = fj. n spt T..

Then we use [6, 2.2 (7)] to select, for i £ {1, 2, • • •}, open balls  V. with closure

in  f/.   suchthat M C U°° , V. and
Z Z = l I

K*([(sptv5) u (spt T.)] n Bdry V.) = 0
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for  z  in  10, 1, • • •! and  ;  in  Í0, 1, • • • , v - l\, define the analytic chain

T = T1LV1+¿T.Lt.-y V.j,

and conclude that  spt T = sptv T and that Kfe(sptv[S - iT)v]) = 0; hence S =

iT)v by [A, 4.2.26 (4.2.lAfl

4.1.   Proof of the Slicing Modulo v Theorem.   We fix an analytic chain  T be-

longing to S with spt T = spt    S;  let

W = R" n ¡mz: dim(/~M«', fl spt T) < /e - 22 and dim(/~M"'l O spt dT) < k - n - lj,

hence  W C Y,  and observe that it suffices to prove the following statement:

There exists a continuous map o from   Y into the  k — n dimensional analytic

chains modulo v in M such that o(w) = i(T, f, w))    for every w C W.

In fact suppose this statement is true and  T   is another analytic chain be-

longing to 5 with

IV'= R" n\w: dim(/-1M O spt T')<k-n and

dimif-l\w\ n spt dT')< k-n-l}.

Then  T   - T = vQ for some  k dimensional analytic chain Q, and for any w £

W'n w,

dim(/_1i^S n spt Q) < k- 72,       dim (f~X\w\ O spt dQ) < k - n - 1;

hence, by [6, 4.3l,(Q, /, w)  is an analytic chain in  M,  and

(T't f, w) - (T, /, w) = v(Q, f, w)  = 0    mod v.

The two continuous maps  o | W    and  i(T ,/,•))    of W   agree on the dense [6,

2.2 (7)] subset  W   n W, hence are equal.

To prove the statement we consider three cases.

Case 1.   M  is an open subset of Rm,  spt T z's compact, and k = 22.   Here we

use 3.1 and [4, 3.4.8 (11)], reasoning as in [A, 4.2.28] to see that spt    T ~

spt    dT is locally connected, note that f\ spt T is proper because  spt T is com-

pact, choose, according to [6, 2.11 (1)] a positive integer p so that the set

R" O \y: card (/_1{y}n spt T) > p\

has Lebesgue measure zero, and then apply 3.2 (7) by setting

S(y) =   / Z Mx)8x\       for y 6 y.

\*e/~  lyinspt  T /
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The statement follows by comparing 3-2 (8) (6) (1) and [6, 3.6 (8) (6) (1)].

Case 2.   M  is an open subset of W",  spt T  z's compact, and k > n.   Here we

assume, for contradiction, that the statement is falsç.   Since  W is dense in R"

by [6, 2.2 (7)], there then must exist a point y £ Y such that ((T, /, w))v fails to

converge as w approaches  y in VI.   Assured by [4, 4.2.17] and [6, 4.2] that the

family \(T, f, w): w £ W\ is relatively compact in I, (M) we choose two sequences

w      , w      , w.      ••• and w      , w     , w       —  in W converging to y and inte-

gral currents  Lj  and  L     in I¿(A1) such that spty(Lj - L A is nonempty and

(T, f, w. .) approaches  L ., for i £ \l, 2\, as  / approaches   °°.  Since

-I
sptvL.Cf-l\y\ nsptv5,      sptl/c9L.C/-1iyinsptvc95,

(L .)    is an analytic chain modulo v in M fot i £ il, 2}.   Thus we may select an

open set  U in M ~ spt   r9(L   - LA and an orthogonal projection p: M —> R     *

such that B = U O spt   (L    - L A is a nonempty connected k - n dimensional

analytic submanifold of M and p \ B  is an analytic isomorphism.   Fixing, by [6,

2.2 (7)], z £ piB) so that

dim (f~l\y\ np'Hz] nsPtv5)= o,      f'Hyln p~l\z\ n sptvds =0

we infer from 3.1, 3.2 (6), and Case 1 that

<(Lj- L2Y,p, z)v\U/iO)v.

Next using [6, 3.2] we pass to subsequences, without changing notations,

so that there exist for i £<1, 2} and ; e|l, 2, •••} rectifiable chains  R. . €

ÍR,      (M), 5. .£%,        AM) with
k — n i,j k — n + 1

spt (L . - (T, f, w.t .) - R .   . - dS._ .) C M ~ (7,

M(R. .) + M(S.   )<;-l£*-BUU /-»),

and then apply [6, 2.2 (7)] and [4, 4.3.6, 4.3.2 (2)] to choose points z. . £ R^-"

n U(2, /-1) such that

dim(p-1U¿ ;i n[if-l\w.    \ nspt T)uspt L])< 0,.

P~x\zi_,\ n [(/_1!u'!(;! nspt c9T) u spt f3Lf] = 0,

(R.( .. p, z.( .) eíR0(/M),      (5.., p, 2 ¿> .) e íRj(Aí),

m(r. ., p, z. ,) + M(5. ., p, z. )<r1,

and deduce from [6, 3.5 (2)] that the slices

(L.- (T, /, a,.  .), p, z..)\u=[(R.t ., p, *,w>+(- 1)*-*^   ., /2, *.   ->]|t/
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approach 0 as j approaches   où for i £ il, 2!.   Finally applying Case 1 twice and

[6, 4.5], we obtain the desired contradiction by computing

(0)v^((L,-L2)1', p, 2>v|l/=lim«Lj, p, zltj)-(Lr p,z2^))v\U

/-.00

= lim («T. /, w      ), p, z      )- «T, f,(w2    ), p, z2     ))V\U
j-,00 • ' ' ' ' ' ' '

= lim((T, fap, (w        z    ))-(T, f ap, (w        z.  A))V\U
j-,00 • '       * ' * • ;     « » j

= (<(T)V , / a p. (y, *)>v - ((T)1' ,fsp, (y, z))v) I (7.

Case 3.   General case.   Assuming the theorem false, we choose, by the mod-

ulo v analogue of [6, 3-2 (1)] an analytic isomorphism <p of some open subset  V

of M onto Rm n U(0, 2),  (7 = t/j" HlKO, l)], a countable subset C of W, and a

point y £ Y n Clos C such that (T, /, z¿;)v | (J = (T \ U, f\U, w)    fails to converge

as 222 approaches  y in  C.   Choosing, by [6, 2.2 (7)], r between 1  and 2  such

that

dim(|<p|-Mr! n spt T) < k- 1,

dim(|<prMr! n/_1{y! n spt T)<¿-72- 1,

dim(|<p|-Mr! n f-X\w\ n spt T) <k-n- 1,

we infer that

(xp#(T|V)LU(0, r),/°<p-1,«;)v|lJ(0, 1) = {<f>\U)n (T\U, f \U, w)v

fails to converge as  w approaches y in C, which contradicts either Case 1 or

Case 2 with S, T, f replaced by [cß^T | V) L U(0, r)]v, q^^T \ V) L U(0, r), / o

4.2. Remark.   With  T, /,  y, W as in 4.1, we see that the equation ((T, /, y))

= ((T)v, f, y)v holds whenever y S W.   For y £ Y ~ W however, this may fail to be

true even though the slice \T, /, y), as defined in [4, 4.3], is an analytic chain

in M.   For example if /: R —» R is the identity map and

T = E1 L |x: x > 0! - E1 L (x: x < 0\,

then

«r. /, o))2 = (o)2 4 (S0)2 = i(T)2, f, o>2.

4.3. For S, f,  Y as in the Slicing Modulo v Theorem and y £ Y, we readily

infer, by continuity and the definition of the slice [A, 4.3-1]» the following four

statements:
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(1) sptv(S,f, y)vCf-l\y\nSptvS.

(2) (9(5, /, y)v = (- 1)"(<95, /, y)v in case  k > n.

(3) (5, f,\y)v I U = iS I (7, / I U, y)v whenever Í7 is an open subset of M.

(4) (5, h ° f, h(y))v = (5, /, y) whenver h is an orientation-preserving ana-

lytic isomorphism of R".

4.4.   We will now discuss how all of the statements and most of the proofs of

[6, 4.4—5.11] carry over to the modulo v case.   The wording of these propositions

should be modified by replacing  "chain, spt, f^iM), and (   ,    ,   ) " to "chain

modulo v, sptv, 3r!t.oc'y, and (  ,    ,   )v".   We will number such generalizations by

using the superscript  v above the number of the corresponding proposition of [6].

(4.4)v  Here it is necessary to define (f^T, g, y)v as /#((T„ g % y)v) and

then observe by 4.2 and [6, 4.4] that this is consistent in case f T is an analytic

chain modulo  v.

(4.5)     requires a new proof; we prove the first conclusion by considering two

cases:

Case 1.   s = 72 + /.   Here, assuming the theorem false, we choose a point

x£sptv[(S, f a g, (a, b))v-((S, f, a)v, g, ¿H,

then an open ball  (7 about x in M and i and j in [0, 1, • • • , v - l\ so that

(7 n spt V (95 = 0,       (Clos U) n f-Haln g~l\b\ n sptv5 = {x},

(5, / 0 g, (a, b))v I (7 = 1(8 f I U / ¡(of I U = ((5, /, af, g, bY \ U.

Since

0 <S = inf!|(zz, b)-(f a g)(w)\: w £ (Bdry t/) O sptl/5}

< infl|è-g(tiz)|: z^e (Bdry U) D sptl/(5, /, a)v},

V = (7 ní/ag^-HUtía, è), S]) is open and the two functions, (/1 V) B ig \ V)\ sptvS

and ig I V) I spt (5, /, a) are proper maps. Applying 3.2 (7) twice-with M, N, f,

and T replaced:

first, by V, U[(a, b), 8], if | V) B (g | V), and any analytic chain belonging to

5 I V, and

second, by V, Uib, 8), g | V, and any analytic chain belonging to (5, /, a)v\ V,

we choose open balls,  VI about a in R" and Z about b  in R , and

a = / I U n (/ q g)" !(W x Z),      j8 = g 11/ n (/ Q g)" '(W x Z),

R=5|i/n (/ ag)-Hw xZ)

such that  IV x Z C U[(a, è), 5] and

(a Q /3)#R = z'(E" x E')v I (W x Z),       ßn(R, a, af = j (El)v \ Z.
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Letting q: W x Z — W,   h:  U n (f a g)~ l(W x Z) ~> W x Z be given by q(w, z) =

w,   hiu) = (a, ßiu)) for  iw, z) £ W x Z and u £ U n (/ a g)~ Hw x Z), we use (4.4)1

and the modulo  v version of [4, 4.1.15] to compute

z(Sa x El)v \(WxZ)= ((a b /S^R, q, a)v = (a s ß)n(R, a, af = b¿R. a, af

= [i8a)v | W] x ßn(R, a, a)v = j[Ba x El)v \ (W x Z),

hence  i - j, a contradiction.

Case 2.   s > n + I.   Again assuming the theorem is false, we choose an open

set U in M ~ sptv dS and an analytic map p:  U —» Rs-"-' such that

B = U n sptv((5, / q g. (a, b))v - ((S, f, a)v, g, bf)

is a nonempty connected analytic submanifold of  M  and  p \B  is an analytic iso-

morphism, let w £ piB),  abbreviate 5 = S\l>,  f   = f\U,  g = g\U and use 3.1,

3.2 (6) (1), Case 1, and 4.3 (A) to derive the contradiction

(0)" 4 ((S, Tag, (a, b))v - ((S, T, a)v , g, b), p, w)v

= ((S, J H g , (a, b))v, p,w)v- «S, J, af, gap, ib, w))V

= (S, (fag)a p, ((a, b), w))v - (S, I a (J s p), (a, ib, w)))v = ioY.

The second conclusion of (4.5)    is readily obtained from the first as in [6,

4.5].

(4.6)    through (4.9)    now follows as in [6, 4.6—4.9].

In (§5)V,  M and N need only be orientable modulo v with orienting modulo

v cycles M, Tí.   The intersection modulo  v of Q and R,   Q nv R £íS)x-v   (M),

is to be defined in a manner similar to [6, 5.0 (1)] where  h now need only pre-

serve orientation modulo v; also we make the obvious generalization to obtain

the notion that  \S, T\ intersect suitably modulo  v.

For (5.1)   we assume now that Q and R are analytic chains modulo  v sat-

isfying

dim (e-My i H sptVQ)< q-k,       dim(x2_My! Ospt^dQ) <q - k- 1,

dim(c-Mz! OsptvR)<r- /, dimic~l\z\ n sptv dR) <r- I- 1,

and obtain the desired equations by continuity from [6, 5.1].

(5-2)v through (5.6)^ may now be deduced as in [6, 5.2—5.6].

In (5.7)v,  L  is an analytic chain modulo v, % = (Em | M)v,  and ft = (EB | N)v,

and we apply [6, 5.7] to any member  T of L to infer that
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r#0K x L, / o a, Of = (r#<(E™ | M) x T, / ° a, 0)f = (T)" = L

= (-l)('+")"(a#(Tx(E"|/V),/'°rV,0)r

= (_l)(/+")rz-(Lxjtj^0- 0)v

(5.8)"   through (5.1 if, Case 4, follow from the proofs of [6, 5-8-5.10, Case

4] by use of 3.2 in place of [4, 4.1.31] and [4, 4.2.28 (4.2.14)v] in place of [4, 4.1.

20].

To modify the proof of Case 5 it suffices to use 3-2 (7) to choose p and  a

small enough so that

(/ | V)„[(5 x T) | V] = (- lYm~s)tix[Em | U(0, a)f .

((5 x T) | V, f\ V, 0)v = (- l)(m-s)tixi8x | Vf.

For Case 6, instead of using [6, 4.1], we observe that

// R is a k dimensional analytic chain modulo v in an open subset M of

Rm and (R, px \ M, y)v is zero for all X £ Mm, k) and S.k almost all y in Rk,

then R  equals zero.

In fact, otherwise for any regular point x of spt    R ~ spt   dR there is a

À £ Aim, k) such that dim p. [Tan (sptv R, x)] = k, and, by [4, 3.1.18], an open

neighborhood  (7 of x in M ~ sptv (9R such that B = U C\ spt    R  is a connected

analytic submanifold of M and PjjB is an   analytic isomorphism.   Then by 3.1,

(P)k | f/)s(R | Uf equals  [jEk\pxÍB)f fot some ; € {l, 2, • • •, v - 1}; hence, by

3-2,

<R. pj M, Px(x))v | U = (R | U, pj I/, px(x))y = (;Sx | l/)v ^ (0)"

whenver x e B,  a contradiction.

Finally Case 7 follows from Case 5, Case 6, and (5.11)    (3) (4) as before.
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